We infer the mass distribution of neutron stars in binary systems using a flexible Gaussian mixture model and use Bayesian model selection to explore evidence for multi-modality and a sharp cut-off in the mass distribution. We find overwhelming evidence for a bimodal distribution, in agreement with previous literature, and report for the first time positive evidence for a sharp cut-off at a maximum neutron star mass. We measure the maximum mass to be 2.0M < m max < 2.2M (68%), 2.0M < m max < 2.6M (90%), and evidence for a cut-off is robust against the choice of model for the mass distribution and to removing the most extreme (highest mass) neutron stars from the dataset. If this sharp cut-off is interpreted as the maximum stable neutron star mass allowed by the equation of state of dense matter, our measurement puts constraints on the equation of state. For a set of realistic equations of state that support > 2M neutron stars, our inference of m max is able to distinguish between models at odds ratios of up to 12 : 1, whilst under a flexible piecewise polytropic equation of state model our maximum mass measurement improves constraints on the pressure at 3 − 7× the nuclear saturation density by ∼ 30 − 50% compared to simply requiring m max > 2M . We obtain a lower bound on the maximum sound speed attained inside the neutron star of c max s > 0.63c (99.8%), ruling out c max s < c/ √ 3 at high significance. Our constraints on the maximum neutron star mass strengthen the case for neutron star-neutron star mergers as the primary source of short gamma-ray bursts.
INTRODUCTION
The distribution of neutron star (NS) masses encodes a wealth of information about NS physics: NS formation channels, compact binary evolution via mass accretion, and the equation of state (EoS) of matter at ultra-high densities in the NS interior all leave distinct observable signatures on the NS mass distribution. A large enough set of NS mass measurements required for detailed study of the mass distribution has only become available relatively recently (Valentim et al. 2011; Özel et al. 2012; Kiziltan et al. 2013; Antoniadis et al. 2016 ) thanks mainly to a sustained and ongoing effort in radio timing of pulsars in binary systems, with earlier studies being limited to challengingly small sample sizes (Joss & Rappaport 1976; Finn 1994 ; Thorsett & Chakrabarty 1999; Schwab et al. 2010 ).
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Previous studies have reported strong evidence for a bimodal NS mass distribution (Valentim et al. 2011; Özel et al. 2012; Kiziltan et al. 2013; Antoniadis et al. 2016) , with one peak at ∼ 1.3M and a second peak around ∼ 1.5 − 1.7M . This is expected physically, since different formation and evolution channels result in NS masses clustered around different values: see Horvath & Valentim (2016) and references therein for a recent review.
In addition to being multimodal, it is possible that the mass distribution has a sharp cut-off at the highest stable mass supported by the EoS of NS matter, mmax. The observation of a sharp cut-off and hence the determination of mmax would put important constraints on the EoS, and it is also interesting as it delineates the low-mass limit of stellar mass black holes (Fryer & Kalogera 2001) . Recent measurement of NSs with masses close to 2M (Antoniadis et al. 2013; Demorest et al. 2010; Fonseca et al. 2016 ) has already put significant constraints on the EoS, and the requirement that > 2M NSs are supported has become one of the cornerstones of observational constraints on the nuclear EoS at ultra-high densities.
Whilst observations of 2M NS puts a robust lower bound on mmax, obtaining a strongly constraining upper limit has proven more elusive. From a theoretical perspective, requiring that the EoS satisfies causality and our knowledge of nuclear matter at low densities provides a loose upper limit of mmax < 2.9M , as shown by Kalogera & Baym (1996) , following an earlier calculation by Rhoades Jr & Ruffini (1974) . More recently, Lawrence et al. (2015) and Fryer et al. (2015) obtained an upper bound on mmax from analysis of short gamma-ray bursts (GRBs). They argued that NS mergers only produce short GRBs if the core of the remnant collapses quickly to a black hole, and this is only possible for EoSs with relatively low mmax. For EoSs with too high a maximum mass, only a tiny fraction of NS-NS mergers are able to produce GRBs; therefore if GRBs are primarily produced in NS-NS mergers then this would require a merger rate much higher than canonical values, severely stretching our understanding of binary evolution. Based on this argument Fryer et al. (2015) find mmax < 2.2 − 2.3M . Lawrence et al. (2015) similarly find mmax < 2.2 − 2.5M (mmax < 2.2M assuming the rotation of the remnant is limited by mass shedding, and mmax < 2.5M in the limiting case where the remnant has no angular momentum).
In a recent study of the mass distribution of millisecond pulsars, Antoniadis et al. (2016) considered the possibility of a sharp truncation in the mass distribution and obtained a posterior distribution for mmax peaked at 2.1M but with reasonably large uncertainties, and from their small sample size (32 millisecond pulsars) significant evidence for or against a sharp cut-off could not be firmly established.
In this work we study the distribution of NS masses using all available NS mass measurements and explore the case for a sharp cut-off in the mass distribution due to the EoS. While previous studies of the mass distribution have split the NS sample by rotation period or other characteristics that are intended to separate out different accretion histories (Valentim et al. 2011; Özel et al. 2012; Kiziltan et al. 2013; Antoniadis et al. 2016 ), here we take a different approach and model the mass distribution for the whole population together using a flexible Gaussian mixture model. The mixture model has the advantage that it can naturally elicit subpopulations populating distinct modes of the distribution, and is flexible enough to capture highly non-Gaussian distributions; this allows us to analyze all the NS mass data together to obtain the strongest possible constraints on mmax.
The structure of this paper is as follows. In §2 we describe the NS mass measurements. In §3 we describe the truncated Gaussian mixture models used to model the mass distribution, and the Bayesian parameter inference and model selection approaches are covered in §4. The results for the inferred mass distribution are discussed in §5, and the evidence for and constraints on a cut-off in the NS mass distribution are presented in §5.1. In §6 we explore the implications of the inferred mmax on the NS EoS, computing constraints on a set of realistic EoSs in §6.1 and on a parameterized piecewise-polytropic EoS in §6.2, including constraints on the maximum sound speed in NS matter. Discussion and conclusions are in §7.
NEUTRON STAR MASS MEASUREMENTS
In this section we describe the NS mass measurements that constitute the dataset used in this work, summarized in Table 1 1 . For systems with measurements of two or more post-Keplerian parameters (or alternatively mass ratio or companion mass) we assume Gaussian mass likelihoods taken from the references in Table 1 , and similarly for xray/optical observations. For systems where only the total mass or mass ratio are measured, we combine these measurements with the observed mass function to form the likelihoods given in Eqs. (3)-(4) below. For a recent review of NS mass measurements seeÖzel & Freire (2016).
Pulsars with radio timing
Radio timing of pulsars in binary systems yields precise measurements of the Keplerian orbital parameters, in particular, the orbital period P b , eccentricity e and projected semimajor axis xp of the pulsar's orbit. The orbital period and projected semi-major axis together determine the mass function f ,
where mp and mc are the pulsar and companion mass, and i is the orbital inclination. Whilst the mass function is sensitive to the component masses, with three degenerate unknowns additional constraints are required to determine the component masses of the system. For sufficiently compact binaries, it's also possible to measure post-Keplerian parameters describing relativistic effects on the orbital motion, that are also functions of the component masses and orbital inclination. In particular, the periastron precessionω, Einstein delay γ, shape and range of the Shapiro delay s and r, and the period derivativeṖ b due to gravitational wave damping are all observable and sensitive to the component masses: see e.g. Stairs (2003) and references therein. Measurement of two or more postKeplerian parameters along with the mass function breaks the degeneracies and leads to the highest precision measurements of the component masses mp and mc.
If the projected semi-major axis of the companion's orbit can also be determined, either by radio timing if it is also a pulsar, or by phase-resolved optical spectroscopy if it is optically bright, one can also determine the mass ratio of the binary q,
In cases where the companion is a main sequence star or white dwarf, the spectrum of the companion also contains information about its composition, that in turn provides an independent constraint on the companion mass mc. Although these companion mass measurements are stellar-model dependent, mappings between spectral properties and mass have reached a satisfactory level of sophistication for accurate (and robust) mass determination (Tremblay et al. 2013; Althaus et al. 2013; Istrate et al. 2014; Tremblay et al. 2015) .
Systems where the mass function and two or more additional constraints have been measured (either postKeplerian parameters, q or mc) typically yield precise pulsar mass measurements with (close to) Gaussian uncertainties. For these systems we will assume Gaussian mass likelihoods P (d|mp), taking the mean and variance reported in the relevant radio timing analysis paper as given in Table 1 .
In some cases, the only additional constraint available is a measurement of the periastron precessionω, that effectively provides a measurement of the total binary mass mT = mp + mc. In these cases the pulsar mass can still be constrained, but the likelihood for mp resulting from the under-constrained measurements is highly non-Gaussian, and this must be properly accounted for. We construct the pulsar-mass likelihood from the measured total massmT and mass functionf as follows:
where in the second line we assume the mass function and total mass measurements are independent, in the third line we assume Gaussian uncertainties on mT, negligible uncertainties onf 2 and uniform priors over cos i and mT, and in the final line we analytically integrate out the delta function. The resulting pulsar mass likelihood function is given by the final line above.
Similarly, there are some cases where the only measurements available are the mass functionf and the mass ratioq from phase-resolved optical spectroscopy. These underconstrained systems also result in highly non-Gaussian pulsar mass likelihoods. In a similar vein to Eq. (3), for these systems we can derive a likelihood:
where similarly in the second line we assume the mass function and mass ratio measurements are independent, in the third line we assume Gaussian uncertainties on q, negligible uncertainties onf and uniform priors over cos i and q 3 , and in the final line we analytically integrate out the delta function.
For systems where only mT or q were measured in addition to the mass function we assume pulsar mass likelihoods given by Eqs. (3) and (4), respectively.
X-ray/optical mass measurements
It is also possible to measure masses of NSs with high and low stellar mass companions using x-ray and optical observations.
For NSs with high-mass companions, eclipsing x-ray binaries where the companion blocks the x-rays from the pulsar during part of the orbit can yield mass measurements. X-ray observations of the pulsar give the Keplerian parameters P b , e, xp and the time and longitude of periastron, as well as the duration of the eclipse. Optical observations of the companion allow determination of its velocity amplitude, projected rotational velocity and amplitude of ellipsoidal variation. With these measurements in hand, it is possible to solve for the parameters of the binary system, including the NS mass. For NSs with low-mass companions, observations of thermonuclear x-ray bursts can provide measurements of their masses and radii. Typically, mass constraints from x-ray and optical observations are less precise than radio timing constraints and may be subject to systematic biases: seeÖzel et al. (2012); Falanga et al. (2015) ; Özel & Freire (2016) and references therein. Nonetheless, since all of these measurements are unlikely to be systematically biased in the same direction and make up a minority fraction of the dataset, we include them in our analysis (performing a sensitivity test to removing these data in §5.1). For xray/optically determined masses, we assume Gaussian mass likelihoods taken from the relevant literature (see Table 1 ).
The full NS mass dataset and associated literature is summarized in Table 1 .
MODEL FOR THE NEUTRON STAR MASS DISTRIBUTION
We want a flexible parameterized model for the mass distribution that can allow for a number of key features: multiple modes coming from subpopulations with distinct formation channels and accretion histories, non-Gaussian (e.g. skewed) modes, and the possibility of a sharp truncation at some maximum mass. To this end, we model the NS mass distribution as an n-component Gaussian mixture model with a sharp cut-off at some maximum mass mmax. Table 1 . NS mass measurements (74 in total). For systems with two or more post-Keplerian parameters measured, and x-ray/optical mass measurements, we take measured pulsar masses at face value with Gaussian uncertainties. For systems where only the mass function and total mass or mass ratio are measured, we use these data to construct the mass likelihoods given in Eqs. (3) and (4).
tinct peaks and skewed individual modes, and the possibility of a sharp cut-off can be included as a free parameter. We consider the model space covered by varying the number of Gaussian components n, with two scenarios regarding the cut-off: either a sharp cut-off fixed at mmax = 2.9M , or keeping mmax < 2.9M as an additional free parameter. Exploring this model space allows us to compare models of varying complexity using Bayesian model comparison and explicitly assess the evidence for multiple modes and skewness, and to quantify evidence for a sharp cut-off at mmax < 2.9M .
The n-component mixture model for the mass distribution is given by
for the pulsar mass mp, where µi, σi and ri denote the mean, standard deviation and relative weight of the i-th Gaussian component, N denotes the Gaussian density and Θ denotes the Heaviside function. The normalization constants Φi ≡ Φ(µi, σi; mmin, mmax) are integrals over the Gaussian components (over the allowed NS mass range):
To keep the distribution normalized to unity, the weights are constrained to sum to one,
The full set of model parameters is hence: θ = {µ1, µ2, . . . , µn, σ1, σ2, . . . , σn, r1, r2, . . . , rn, mmax}
We consider two cases: one with mmax fixed at mmax = 2.9M , and one with mmax < 2.9M kept as a free model parameter. The following uniform priors are assumed for the model parameters: µi ∈ [0.9, 2.9], σi ∈ [0.01, 2], mmax ∈ [1.9, 2.9], and a flat Dirichlet prior over the weights {ri} 4 . We impose the additional constraint that the component means are ordered (µ1 < µ2 < · · · < µn) so that the Gaussian components are distinguishable. We assume a minimum NS mass of mmin = 0.9M throughout. The limits of the uniform priors over {µi, σi, mmax} are carefully chosen to be broad enough to not truncate the resulting posteriors (over the range of allowed parameter values). However, choice of uniform priors is still somewhat subjective.
BAYESIAN INFERENCE OF THE NEUTRON STAR MASS DISTRIBUTION

Parameter inference
The goal is to infer the model parameters of the NS mass distribution from the measured masses in a Bayesian framework. The joint posterior for the masses mp and massdistribution model parameters θ given the data (for all NSs 4 The flat Dirichlet prior r ∼ Dir(n; 1) is a uniform prior over the (n − 1)-simplex defined by 0 < r i < 1 ∀i and n i=1 r i = 1, ensuring that the mixture distribution Eq. (5) is proper and normalized to unity.
is given by Bayes' theorem:
where in the second line we have exploited the conditional independence of the data on the parameters θ once the masses {m i p } are specified, and the assumed independence of the mass data for each NS. The posterior for θ marginalized over the individual masses is hence given by
Since the mass-distribution model considered here is a truncated Gaussian mixture, the integrals on the right hand side of Eq. (9) have simple closed-form solutions for Gaussian mass-likelihoods, and are otherwise cheap to compute numerically for the remaining non-Gaussian likelihoods, i.e. Eqs. (3) and (4). We explicitly marginalize over all of the individual masses either analytically or numerically, and reconstruct the posterior P (θ|d) by sampling from Eq. (9) using nested sampling with multinest (Feroz & Hobson 2008; Feroz et al. 2009; Buchner et al. 2014) . Nested sampling has the advantage that it generates samples from the posterior distribution and simultaneously computes the Bayesian evidence integrals needed for performing Bayesian model selection (as required in §4.2, see below).
Bayesian model selection
In addition to inferring the model parameters of the massdistribution models considered, we also want to be able to compare their relative merit and determine which model is preferred by the data. Bayesian model selection -computing the odds ratio between two models -provides a principled framework for model comparison that naturally takes into account Occam's razor, i.e., penalizing more complicated models where both models fit the data. The odds ratio between two models MA and MB is given by
where Z = P (d|M) is the Bayesian evidence (or marginal likelihood) for a given model M given data d, and the prior odds ratio P (MA)/P (MB) defines our prior relative belief in model A over model B. If we are a priori agnostic about the two models, the prior odds is unity and the odds ratio reduces to the Bayes factor:
where KAB > 1 indicates that model A is preferred by the data over model B, and vice versa for KAB < 1. In this study we follow the scheme of Kass & Raftery (1995) for interpreting the Bayes factor: 2lnKAB < 0 implies no support for A over B, 0 < 2lnKAB < 2 support for A "worth not more than a bare mention", 2 < 2lnKAB < 6 positive support for A, 6 < 2lnKAB < 10 strong support, and 2lnKAB > 10 very strong support. We compute the Bayesian evidences Z for the models considered using multinest nested sampling (Feroz & Hobson 2008; Feroz et al. 2009; Buchner et al. 2014 ).
RESULTS: THE INFERRED NEUTRON STAR MASS DISTRIBUTION
The Bayesian evidences for the space of (truncated) Gaussian mixture models are given in Table 2 . The models with two and three components are preferred by the data compared to the models with one and four Gaussian components. The single-component Gaussian is strongly disfavored (with Bayes factors of 2lnK 10) when compared against the two and three component models, indicating very strong evidence against n = 1. The four-component model is also disfavored although less strongly, with Bayes factors of 2lnK 2 compared to the two and three component models. Comparing the two and three component models, the two component model is modestly preferred in all cases, but the difference in their Bayesian evidences is not large enough to make a strong preference for either model.
In all cases n = 1, . . . , 4, the model with the maximum NS mass as an additional free parameter is preferred. In all cases n 2, the models with free mmax are preferred over those with fixed mmax with Bayes factors 2lnK > 3: there is positive support for a sharp cut-off in the NS mass distribution at mmax < 2.9M . This is the first major result of this paper. Fig. 1 shows the maximum a posteriori (MAP) mass distributions for the four models that are most preferred by the data; the n = 2, 3, 4 models with a sharp cut-off at mmax < 2.9M , and the n = 2 model with the cut-off fixed out at mmax = 2.9M for comparison. The introduction of additional Gaussian components above n = 2 modifies the shape of the second peak, but does not introduce an additional independent mode, even though this would be perfectly allowed under the model. The convergence of all models with n 2 to a bimodal distribution provides overwhelming support for a bimodal NS mass distribution, with no evidence for an additional distinct peak in the distribution or separation of the lower mass peak into two narrow components, as suggested in Schwab et al. (2010) . This is consistent with recent literature (Valentim et al. 2011; Özel et al. 2012; Kiziltan et al. 2013; Antoniadis et al. 2016) . Fig. 2 shows the MAP mass distribution for the n = 2 model with free mmax with 1000 independent posterior samples plotted over the top to give a visual impression of the uncertainties on the shape of the distribution. As the most preferred model, we take this as our fiducial model moving forward.
The MAP values and 68% credible regions for the preferred n = 2 component models are given in Table 3 .
Constraints on mmax from the neutron star mass distribution
As discussed above, we find evidence for a sharp cut-off in the NS mass distribution under all models considered, with Bayes factors of 2lnK > 3 for all models n 2 ( Table 2 ). The marginal posterior distribution for the maximum NS mass under the fiducial n = 2 model is shown in Fig. 3 . The inferred posterior is peaked at mmax = 2.12M , with model: mmax = 2.9M mmax < 2.9M n = 1 components -35.0 -34.8 n = 2 components -25.8 -22.7 n = 3 components -27.3 -23.9 n = 4 components -30.4 -25.9 Table 2 . Log Bayesian evidences 2ln(Z) for the set truncated Gaussian mixture models considered for the NS mass distribution, covering n = 1 . . . 4 Gaussian components, each with either fixed mmax = 2.9M or keeping mmax < 2.9M as an additional free parameter. The four preferred models are highlighted in boldface. We perform model selection by comparing 2lnK AB = 2lnZ A − 2lnZ B to the scale of Kass & Raftery (1995) credible regions 2.0M < mmax < 2.2M (68%) and 2.0 < mmax < 2.6M (90%) 5 . The lower limit on the maximum mass is hard, whilst the posterior has a fat (almost flat) tail out to 2.9M ; although the maximum mass has clearly been constrained, there persists a small but non-negligible possibility that mmax is still large.
Some constraints on mmax were reported in Antoniadis et al. (2016) who studied the distribution of millisecond pulsar masses using a similar (two component) Gaussian mixture model as used in this work. Our constraints are in good agreement with their results: cf. Fig. 10 of Antoniadis et al. (2016) . By considering all available NS mass data we are able to provide tighter constraints and, for the first time, substantial evidence that a sharp cut-off is preferred by the data; the mass cut-off is preferred with a Bayes factor of 2lnK > 3, whilst from the smaller subset of mass data considered in Antoniadis et al. (2016) the cut-off is only preferred with 2lnK = 1.5 (owing to the smaller sample). Nonetheless our results are entirely consistent with Antoniadis et al. (2016) .
Our constraints on the maximum NS mass are also in good agreement with, and independent of, recent studies of short GRBs, where Lawrence et al. (2015) and Fryer et al. (2015) argue that mmax 2.2 − 2.5M is required assuming that the main source of short GRBs are NS-NS mergers. On the flip side, our constraints on the maximum NS mass show a strong preference for equations of state that produce short GRBs in NS-NS mergers. Combined with canonical values for binary NS merger rates (Abadie et al. 2010; Dominik et al. 2015; Chruslinska et al. 2017) , our result strengthens the case for NS mergers as the primary source of short GRBs. Our results are also in good agreement with independent constraints on mmax from observations of the binary neutron-star merger GW170817 (Abbott et al. 2017) , which give have been used to derive upper limits mmax < 2.17M (90%) (Margalit & Metzger 2017) , mmax < 2.33M (90%) and mmax < 2.16−2.28M (Ruiz et al. 2018) .
In the following section we discuss the sensitivity of the inferred posterior on mmax to the choice of model and to key data cuts.
Sensitivity to data cuts
In Fig. 4 (left) we look at the impact of removing certain key NSs from the data.
We should expect that the lower limit on mmax 5 Due to the fat tail of the posterior on mmax, for the Bayesian credible regions we quote an iso-probability interval for the 68% credible region, and a one-tail upper limit (with a hard lower limit) for the 90% credible region. Fig. 4 (left; red and blue) it is evident that removing J0348+0432 or both J0348+0432 and J1614-2230 from the dataset impacts the lower limiit for mmax, as expected, whilst otherwise preserving the qualitative shape of the posterior. Importantly, evidence for a cut-off in the mass distribution remains even with these important systems removed, albeit at a weaker level with 2lnK = 1.2.
The other high-mass NS that one might suspect has a disproportionate impact on the inferred mmax is J1748-2021B 6 (Freire et al. 2008a) . This system has a measured mass of mp = 2.74(21)M , as inferred from the total mass of that binary system (c.f. Eq. (3)). Although the uncertainty on its mass is substantial, since this system has almost all of its mass-likelihood at mp > 2M (with very low probability of being < 2M ) and such a high peak value, this system could be strongly informative on the lower limit on mmax and responsible for the flat tail of the posterior density out to high values. From Fig. 4 (left; green) it is clear that removing this system has very little impact on the inference of mmax.
The subset of the NS mass data that may be suspected to be contaminated by systematic errors, and hence biasing the inferred mmax, are those mass measurements obtained model: n = 2, m max < 2. 9M model: n = 3, m max < 2. 9M model: n = 4, m max < 2. 9M Figure 4 . Left: Sensitivity of the inferred marginal posterior distribution for mmax to removing key NSs from the dataset; keeping all NS mass data (blue-solid), removing J0348+0432 (mp = 2.01(4)M ; red-dashed), removing J0348+0432 and also J1614-2230 (mp = 1.93(2); blue-dashed), removing J1748-2021B (mp = 2.74(21)M ; green-dashed) and removing the 21 x-ray/optical mass measurements (orangedashed). Right: Sensitivity of the inferred marginal posterior distribution for mmax to the number of Gaussian components n in the model: n = 2 (fiducial; blue-solid), n = 3 (red-dashed), n = 4 (orange-dashed).
through optical and x-ray observations (Özel et al. 2012; Falanga et al. 2015) . From Fig. 4 (left; orange) it iw clear that removing the x-ray/optical mass data has a much more substantial impact on the mmax posterior. This is hardly surprising, since the 21 x-ray/optical masses removed represent a substantial fraction of the total sample of 74, and they populate the higher-mass end of the distribution. Removing the x-ray/optical data shifts the posterior on mmax by around 0.1M and sharpens it (reducing the width at halfmaximum by roughly a factor of two). The small shift and smearing of the posterior to higher mmax when including the x-ray/optical data makes good sense, since those systems occupy the higher mass end of the distribution and may hence encourage a slightly higher cut-off. Whilst it is possible that systematic biases in the x-ray/optical mass measurements bias the mmax inference, they would have to all be preferentially biased in the same direction for this effect to be significant, and even if this were the case we should expect the bias to be much smaller than the 0.1M shift induced by removing those data completely. Crucially, positive evidence for a sharp cut-off persists with the x-ray/optical masses removed -the model with free mmax < 2.9M is preferred over mmax = 2.9M with a Bayes factor of 2lnK = 2.2 (positive support for the cut-off). The fact that removing the x-ray/optical mass measurements does not significantly change our conclusions and any bias introduced by their systematics is expected to be small adds robustness to our results.
From these sensitivity tests, we conclude that the evidence for and inference of mmax is driven by the shape of the NS mass-distribution, informed by the whole population, rather than set exclusively by the most extreme objects observed (although the highest precicely measured masses dominate the lower limit on mmax). Our key conclusionthat there is evidence for a sharp cut-off in the NS mass distribution -is robust to removing key subsets of the dataset.
Sensitivity to the mass distribution model
In Fig. 4 (right) we explore the sensitivity of the inference of mmax on the choice of model for the mass distribution. Clearly, the three Gaussian mixture models considered with 2-, 3-and 4-components respectively yield a very similar posterior distribution for mmax, with a small shift in the peak value and modestly tighter constraints on mmax as the number of components is increased. Note that the latter observation is also corroborated by the Bayesian evidences for the various models given in Table 2 , i.e., the evidence for a cut-off mmax < 2.9M versus mmax = 2.9M increases with the number of components. The fact that the mmax posterior is so insensitive to the number of components in the model is also unsurprising in light of Fig. 1 ; all models give a similar bimodal distribution, where the key change is in the shape of the higher-mass mode but the qualitative characteristics of the distribution are very similar.
Whilst the sample size of measured NS masses is small and we restricted our analysis to the space of Gaussian mixture models, the lack of sensitivity to the model choice seen in Fig. 4 adds robustness to our results.
Selection effects and accretion
It is possible that selection effects may be influencing our inference of the mass distribution. The mass measurements used are exclusively from NSs in binaries, so our results should not be assumed to be applicable to isolated NSs. Furthermore, Shapiro delay detection (leading to the most precise mass measurements) is easier in systems with short orbital periods and higher inclinations, and spectroscopic observations are more relevant to relatively compact systems. Whilst it is possible that these selection effects may leave some imprint on the inferred mass distribution, it seems implausible that they are responsible for the inferred hard cutoff at mmax.
The high-mass end of the distribution is a strong probe of both formation of higher mass NSs and accretion physics. In the absence of a hard cut-off due to the EoS, one would ex-pect formation and accretion alone to generate a distribution with a smooth high-mass tail. The Gaussian mixture models used here are flexible enough to capture a smooth tail, even if it were skewed to give non-Gaussian (eg., steeper) dropoff; since the data preferred a sharp cut-off under our flexible model, we attribute the maximum mass cut-off to the EoS. Nevertheless, understanding the detailed formation and accretion physics and selection effects that underpin the inferred mass distribution is crucial to building confidence (or otherwise) in this conclusion.
What would happen if we observed a 2.1M neutron star?
It is interesting to ask what would happen to our constraints on mmax if we measured (with good precision) a neutron star with around 2.1M , i.e. around the peak of the mmax posterior (Fig. 3) . We find that adding a sharply measured 2.1M NS into the mass dataset shifts the lower limit on mmax up to around 2.1M (as one would expect), but otherwise the shape of the mmax posterior, including the tail out to high masses, is largely unchanged. This makes good sense: in order to better constrain the location of the cut-off in the mass distribution from above, the high-mass end of the mass distribution needs to be better resolved. This can only be achieved with more measured masses around the high-mass end of the distribution.
CONSTRAINTS ON THE NEUTRON STAR EOS FROM THE INFERRED mmax
Every EoS has associated with it a maximum stable NS mass that can be determined by solving the TolmanOppenheimer-Volkoff (TOV) structure equations (Tolman 1939; Oppenheimer & Volkoff 1939) . As such, observational bounds on the maximum NS mass provide corresponding constraints on the NS EoS. Recent observations of 2M NSs (Antoniadis et al. 2013; Demorest et al. 2010; Fonseca et al. 2016 ) have already ruled out some EoS models, and the requirement to support > 2M NSs has become one of the key requirements for the nuclear EoS at ultra-high densities. From our inference of mmax, the posterior probability of a model EoS with a given m EoS max is given by
where the right hand side is just the posterior density shown in Fig. 3 . Throughout this section we will compute maximum masses by solving the TOV equations for slowly rotating NSs. This is justified, since NSs in binaries are neither expected nor observed to have spin periods much less than 1.5ms (Chakrabarty 2008; Papitto et al. 2014; Patruno et al. 2017) . At these rotation rates, corrections to the mass due to rotation are less than a few percent, and typically much less 7 (Cook et al. 1994; Ster-7 Even at the extreme, mass-shedding limit, the mass of a nonrotating maximum mass neutron stars increases at most by ∼ 20% due rotation (Breu & Rezzolla 2016) , this value being smaller for lower mass stars (Cook et al. 1994) . For reference, the fastest spinning pulsar in a binary, PSR J1748-2446ad (Hessels et al. 2006 ) has a spin period of ∼ 1.4ms, a factor of ∼ 1.5 larger than the gioulas & Friedman 1995; Berti & Stergioulas 2004; Berti et al. 2005; Yagi et al. 2014 ).
In the following we explore constraints on the most upto-date tabulated EoS models. In §6.2 we constrain a parameterized piecewise-polytropic model for the EoS and obtain bounds on the maximum sound speed attained inside NSs.
Constraints on numerical EoS models
In Table 4 we list a selection of nuclear physics-based tabulated EoS models, along with their respective maximum NS masses. This set of EoS tables is not intended to be exhaustive: for a more complete catalog, see e.g. Oertel et al. (2017) . Fig. 5 shows the relative posterior probabilities of these EoSs given our posterior inference of mmax (also tabulated in Table 4 ), computed from Eq. (12). From Fig. 5 it is clear that our analysis of the NS mass distribution strongly favors some EoS models relative to others, at odds ratios of up to 12 : 1 (see also Table 4 ). This is a vast improvement over previous maximum mass considerations, where any EoS that supported NSs with 2M was considered equally acceptable based on maximum mass considerations alone.
Whilst caution is justified since our results are derived from a still relatively small sample of 74 measured NS masses, the robustness of our results to model choice and data cuts demonstrated in §5.1 builds confidence in these constraints. Furthermore, our results fall nicely in line with independent constraints on the maximum NS mass derived from the assumption that short GRBs are produced primarily by coalescing NSs with rapidly collapsing remnants (Lawrence et al. 2015; Fryer et al. 2015) . This begins to paint a coherent picture of upper limits on the maximum NS mass from astrophysical observations and considerations, and tightens our grip on mmax.
mass-shedding frequency for a rotating NS (Lattimer & Prakash 2004 ) if we consider a fiducial nonrotating massive NS with mass M = 2M and radius R = 14km. Table 4 . Maximum NS mass predictions and their associated posterior probabilities P (mmax|d) (c.f. Fig. 5 ) for a selection of tabulated NS equations-of-state. Additional exotic species are denoted by H (Hyperons), π (pions), φ (φ-mesons) and σ (σ-mesons).
Constraints on piecewise polytropic EoS
Piecewise polytropic model
Representing the EoS as a piecewise polytrope has been demonstrated to be a useful parameterized model for the EoS 8 (Read et al. 2009; Özel & Psaltis 2009; Hebeler et al. 2013; Steiner et al. 2016; Raithel et al. 2016) . Recently Raithel et al. (2016) showed that five polytropic nodes are required above the nuclear saturation density ρsat = 2.7 × 10 14 g cm −3 in order to reproduce the mass, radius, and moment of inertia for a range of realistic EoSs within the expected uncertainties of next-generation experiments (within 0.5km, 0.1M , and 10% respectively). In this work we follow Raithel et al. (2016) and construct a five-node piecewise-polytropic EoS above the saturation density, described by:
where the polytropic indices Γi and normalization constants Ki are determined by the pressures and densities at the knots,
Following Raithel et al. (2016) , we define five density knots at [1.4, 2.2, 3.3, 4.9, 7.4]ρsat, i.e. keeping the pressures at those densities p = (P1, P2, P3, P4, P5) as our free model parameters of interest. Below 0.6ρsat we assume a fixed SLy EoS for the crust taken from Douchin & Haensel (2001) . Between 0.6ρsat and 1.1ρsat, the EoS is well constrained by chiral effective field theory calculations Hebeler et al. 2013; Krüger et al. 2013) . We assume the EoS in this regime is constrained to lie between the soft and stiff limits tabulated in Hebeler et al. (2013) ; to implement this constraint, we introduce two additional polytropic knots at ρ * 1 = 0.6ρsat and ρ * 2 = 1.1ρsat, where the pressures at those respectively (taken from Table 5 of Hebeler et al. (2013) ).
Physical constraints and priors
In addition to assumptions about the EoS below 1.1ρsat, we impose some additional physical constraints and priors at higher densities. We require that the EoS be microscopically stable, i.e. P (ρ) must be strictly increasing:
We also require that the EoS does not violate causality, i.e. the local sound speed is smaller than the speed of light:
Finally, some important constraints on the EoS at densities near ρsat come from nuclear scattering experiments at energies below 350MeV (Özel et al. 2016; Raithel et al. 2017) ; we impose lower limits on the pressures at the first two knots P1 3.60 MeV fm −3 and P2 11.70 MeV fm −3 to be consistent with nucleon-nucleon scattering data (followingÖzel et al. 2016 ; see also Akmal et al. 1998; Pieper et al. 2001; Gandolfi et al. 2014; Raithel et al. 2017) .
Bayesian inference of polytropic EoS in light of the measurement of mmax
As for the numerical EoS considered in 6.1, each piecewisepolytropic EoS P (ρ; p) has associated with it a maximum stable NS mass mmax = mmax(p), that can be found by integrating the TOV equations as before. We can hence use the likelihood for the maximum NS mass obtained in §5.1 to perform posterior inference for the polytropic EoS parameters p:
where we will assume broad log-uniform priors P (p) additionally satisfying the constraints described in 6.2.2, and the Lower limit m > 1. 93M Including full posterior information P(m max |d) Figure 6 . Comparison of posterior constraints on the NS equation-of-state parameterized by a 5-piece polytrope from assuming a lower limit on the maximum NS mass mmax > 1.93M (red) compared to including full posterior information on the maximum mass derived from the mass distribution of NSs P (mmax|d).
likelihood P (d|mmax(p)) is given by Eq. (9) marginalized over the other mass-distribution parameters (cf. Fig. 3 ).
To quantify the extra information gained from our results over previous NS mass considerations, we consider two cases: one using the full P (d|mmax) obtained in §5.1, and one just imposing P (d|mmax) ∝ Θ(mmax − 1.93M ), i.e. assuming all of the information about the maximum mass comes from the most massive precisely measured system J0348+0432 (mp = 2.01(4)M ; Antoniadis et al. (2013) ) requiring mmax > 1.93M (95%). We sample the posterior for the polytropic parameters using affine-invariant ensemble MCMC emcee (Foreman-Mackey et al. 2013) ; the posteriors are summarized in Fig. 6 .
From Fig. 6 it's clear that including the full inference of the maximum mass from the NS mass distribution constrains the allowed parameter space of the piecewise polytrope EoS compared to simply taking a lower bound for mmax, with the improvement being most significant for P3, P4 and P5 at ρ3 = 3.3ρsat, ρ4 = 4.9ρsat and ρ5 = 7.4ρsat respectively. The 68% credible regions of the marginal posteriors for P3, P4 and P5 are improved by 35, 30 and 50% respectively. Note that the tail out to high values of P5 (par- Figure 7 . Constraints on the piecewise polytropic EoS from the full posterior distribution for mmax derived from the NS mass distribution (blue), and just assuming a lower limit on the maximum NS mass mmax > 1.93M (red). The bands indicate the 68% credible regions for the pressure at the nodes [1.4, 2.2, 3.3, 4.9, 7.4 ]ρsat indicated by the vertical grey lines. Note that the credible regions shown correspond to the 1d marginals; Fig. 6 shows the correlation structure of the inferred polytropic EoS parameters. Assumptions about the EoS at densities < 1.1ρsat (far left) are described in §6.2.
ticularly for the mmax > 1.93M contours) are a result of the fact that when P1, . . . , P4 are sufficiently large, the maximum central density may be close to or smaller than ρ4, in which cases P5 is unconstrained. This is a weakness of the piecewise polytrope set-up for the EoS and may be alleviated by an alternative EoS parameterization. Fig. 7 shows the constraints on the piecewise polytropic EoS P (ρ); the bands show the 68% credible regions of the 1d marginal posteriors of the polytropic parameters using full posterior information on mmax (blue) versus just assuming a lower limit mmax > 1.93M (red). Whilst the correlations between the polytropic parameters are not captured by this figure, the 30-50% improvement on the inferred EoS at 3-7 × ρsat is clearly shown.
There is an open debate on whether the causal limit cs < c is strict enough, with some authors making theoretical arguments why cs < c/ √ 3 may be a more appropriate bound (Weinberg 1972; Lattimer 2014; Bedaque & Steiner 2015; Moustakidis et al. 2017) . In Fig. 8 we show the posterior constraints on the maximum speed of sound attained inside the NS under our piecewise polytropic model for the EoS. We find a lower bound on the maximum sound speed of c max s > 0.63c (99.8%), ruling out cs < c/ √ 3 at very high significance. This tension was also discussed in Bedaque & Steiner (2015) . Kurkela et al. (2014) found that c max s > 0.74 based on maximum mass considerations, although cautioned that their constraint may be overly restrictive.
Comparison to other astrophysical constraints on the EoS
In addition to maximum mass considerations, there are a number of other constraints on the NS EoS from astrophysical observations. Measurements of NS masses and radii together can put strong constraints on the EoS (Read et al. 2009; Özel & Psaltis 2009; Özel et al. 2010; Steiner et al. 2010; Guillot et al. 2013; Steiner et al. 2013a,b; Özel et al. 2016) . Measuring radii from x-ray observations is much more complicated than mass determination, and inferences are typically more model dependent; atmospheric composition, magnetic fields, source distance, interstellar extinction, residual accretion, brightness variations over the surface, and the effects of rotation in sources with unknown spin frequencies can all introduce systematic errors and must be carefully accounted for (Miller 2013; Potekhin 2014; Fortin et al. 2015; Özel et al. 2016 ). Whilst there is not yet firm consensus amongst NS radii measurements, advances have been made in accounting for systematic errors and strong (although model dependent) constraints on the EoS have been obtained (see eg., for an attempt to account for a multitude of systematics). Radius measurements are most sensitive to the EoS around ∼ 2 × ρsat, so they are complementary to the maximum mass constraints, which probe higher densities 3 × ρsat.
In Fig. 9 we compare the marginal constraints on the polytropic EoS from our work (blue) to the mass-radius measurement analysis ofÖzel et al. (2016) (red) . Note that we use a more flexible five-node polytropic EoS, whereas use a three-node EoS with nodes at [1.85, 3.7, 7 .4]ρsat, but very similar prior assumptions otherwise (seeÖzel et al. 2016 for details). As expected, the massradius measurements are more constraining than maximummass considerations alone, giving ∼ 4× stronger constraints at ∼ 2ρsat where the mass-radius data are most informative, and ∼ 2× stronger constraints above 2ρsat. Although caution is deserved directly comparing the three-and fivenode polytropic models, the figure gives some idea of the relative constraining power of these data under similar prior assumptions, and indicates statistical consistency between the two analyses.
In Fig. 10 we compare our constraints on the EoS to the mass-radius measurement analysis of Steiner et al. (2013a) 9 . In order to compare with Steiner et al. (2013a) , we converted our constraints from P (ρ) to P ( ) (pressure as a function of energy density), using the relation d( /ρ) = −P d(1/ρ). Since Steiner et al. (2013a) consider a more flexible suite of models for the EoS compared to our piecewise polytrope, this figure does not indicate the relative constraining power of the two datasets, but does demonstrate that our constraints are in good agreement with Steiner et al. (2013a) .
Gravitational wave observations of coalescing NS-NS or NS-black hole binaries with Advanced LIGO and VIRGO are expected to put constraints on the EoS primarily via determination of the NS tidal deformability (Del Pozzo et al. 2013; Agathos et al. 2015; Lackey & Wade 2015) . The recent observation of the NS-NS merger GW170817 (Abbott et al. 2017 ) marks the dawn of a new era in probing NS physics with gravitational waves, and it is already providing new insights on the EoS (Annala et al. 2017; Banik & Bandyopadhyay 2017; Radice et al. 2018; Most et al. 2018; Zhang et al. 2018 ). We leave a direct comparison with these observations (and improved, combined constraints) to future work.
A measurement of the moment of inertia of NSs may be possible through observations of spin-orbit coupling effects in binaries, namely precession of the orbital plane and higher-order contributions to the periastron advance (Lyne et al. 2004; Lattimer & Schutz 2005) . Such a measurement would provide further constraints on the EoS, particularly at ∼ 2 × ρsat (Lattimer & Schutz 2005) , but sufficiently precise observations are expected to be some years away (Lattimer & Prakash 2016) .
It has also been suggested that the lightest NSs may be used to constrain the EoS via their formation history (Podsiadlowski et al. 2005) , although this approach typically leads to highly model dependent constraints.
CONCLUSIONS
We have inferred the NS mass distribution from all currently available pulsar mass measurements using a flexible n-component Gaussian mixture model, allowing for a maximum mass cut-off. We find strong evidence for a bimodal distribution (Bayes factor 2lnK > 10), in agreement with previous literature. Increasing the number of Gaussian components in the mixture model does not elicit further distinct peaks, and the model with n = 2 components is the most preferred.
We report, for the first time, positive evidence for a sharp cut-off in the NS mass distribution; for all Gaussian mixture models considered with n 2 components, the truncated models with mmax as a free parameter are preferred over those with fixed mmax = 2.9M with Bayes factors 2lnK 3 (Table 2) . We inferred the marginal posterior distribution for the maximum NS mass (Fig. 3) and obtained 2.0M < mmax < 2.2M (68%) and 2.0M < mmax < 2.6M (90%) credible regions for mmax. These constraints on mmax are robust to the number of Gaussian components 9 The EoS constraints from Steiner et al. (2013a) Figure 10 . Comparison of constraints on the EoS from the derived posterior distribution for mmax (this work; blue), and neutron star mass-radius measurements (Steiner et al. 2013a; red) . The bands indicate the 68 and 95% credible regions. Although Steiner et al. (2013a) consider a more flexible suite of EoS parameterizations compared to our five-node polytrope, the constraints are in good agreement. Note that our constraints on P (ρ) (Figs. 6, 7 and 9) were converted to P ( ) for direct comparison with Steiner et al. (2013a). included in the mixture model for n = 2, . . . , 4, where increasing the number of components tightens the constraints and increases the Bayes factor modestly (Fig. 4) .
The evidence for and constraint on the mmax cut-off are robust against removing key subsets of the data, demonstrating that the observed maximum mass cut-off is driven by the shape of the NS mass distribution, informed by the whole population, rather than set by the most extreme (massive) objects (Fig. 4) . The lower bound on mmax is mostly set by the most massive precisely measured masses, namely J0348+0432 and J1614-2230 (both close to 2M ), but the reported positive evidence for the maximum mass cut-off persists with these systems removed. Similarly, J1748-2021B is likely to be even more massive (although more uncertain), but leaving it out of the dataset had a negligible impact on our conclusions. X-ray/optical mass measurements potentially suffer from residual systematics that could be biasing the mmax inference; we found that with these systems removed from the data, positive evidence for the sharp cut-off persists, and the inferred mmax was modestly impacted.
Our constraints on the maximum NS mass are in good agreement with, and independent of, recent studies of short GRBs, where Lawrence et al. (2015) and Fryer et al. (2015) argue that mmax 2.2 − 2.5M is required assuming that the main source of short GRBs are NS-NS mergers. On the flip side, our constraints on the maximum NS mass show a strong preference for equations of state for which short GRBs are produced in NS-NS mergers, strengthening the case for NS mergers as the primary source of short GRBs. Our constraints on mmax are also in excellent agreement with the observations of the binary neutron star merger GW170817 (Abbott et al. 2017) , which have been used to constrain mmax < 2.17M (90%) (Margalit & Metzger 2017) , mmax < 2.33M (90%) , mmax < 2.16 − 2.28M (Ruiz et al. 2018) .
Using our inference of the maximum NS mass we are able to put tight constraints on the NS equation of state. We find that for a set of realistic EoSs that support > 2M NSs, our inference of mmax is able to distinguish between models at odds ratios of up to 12:1 based on maximum mass considerations alone (Fig. 5) . Considering a parameterized five-node polytropic equation of state, we are able to obtain constraints on the pressure at densities of 3-7 × ρsat that are improved by 30-50% compared to simply assuming mmax > 1.93M (Figs. 6-7 ). Under this piecewise polytropic EoS model, we find a lower bound on the maximum sound speed attained inside the NS of c max s > 0.63c (99.8%), ruling out cs < c/ √ 3 at high significance (Fig. 8) . Our constraints on the EoS from maximum mass considerations are in good agreement with neutron star mass-radius measurements (Steiner et al. 2013a; Özel et al. 2016) .
